We calculate quark and lepton masses and quark mixing angles in the framework of a supersymmetric SU(4)⊗SU(2) L ⊗SU(2) R model where the gauge group is broken at 10
Introduction
The problem of quark and lepton masses is one of the most fascinating and perplexing problems of particle physics. The standard model, despite its successes, can offer no glimpse of insight into the apparently bizarre pattern of masses and mixing angles which experiment has presented us with. We do not even know why there are three families rather than one. It is clear, then, that in order to gain some insight into the fermion mass problem, one must go beyond the standard model. The big question of course is what lies beyond it?
We have not yet experimentally studied the mechanism of electroweak symmetry breaking, so one might argue that it is premature to study the fermion mass problem.
Unless we can answer this, we have no hope of understanding anything about fermion masses since we do not have a starting point from which to analyse the problem.
However LEP has taught us that whatever breaks electroweak symmetry must do so in a way which very closely resembles the standard model. This observation by itself is enough to disfavour many dynamical models involving large numbers of new fermions. By contrast the minimal supersymmetric standard model (MSSM) mimics the standard model very closely. Furthermore, by accurately measuring the strong coupling constant, LEP has shown that the gauge couplings of the MSSM merge very accurately at a scale just above 10 16 GeV, thus providing a hint for possible unification at this scale. On the theoretical side, supersymmetry (SUSY) and grand unified theories (GUTs) fit together very nicely in several ways, providing a solution to the technical hierarchy problem for example. When SUSY GUTs are extended to supergravity (SUGRA) the beautiful picture of universal soft SUSY breaking parameters and radiative electroweak symmetry breaking via a large top quark yukawa coupling emerges. Finally, there is an on-going effort to embed all of this structure in superstring models, thereby allowing a complete unification, including gravity.
Given the promising scenario mentioned above, it is hardly surprising that many authors have turned to the SUSY GUT framework as a springboard from which to attack the problem of fermion masses [1] . Indeed in recent years there has been a flood of papers on fermion masses in SUSY GUTs. Although the approaches differ in detail, there are some common successful themes which have been known for some time. For example the idea of bottom-tau Yukawa unification in SUSY GUTs [2] works well with current data [3] . A more ambitious extension of this idea is the Georgi-Jarlskog (GJ) ansatz which provides a successful description of all down-type quark and charged lepton masses [4, 16] , and which also works well with current data [5] . The GJ approach involves the idea of texture zeroes and predicts simple relations at the unification scale which are then evolved to low-energies using the renormalisation group (RG) equations. These approaches are concerned with general properties of the mass matrices, rather than those of specific models.
In order to understand the origin of the texture zeroes, one must consider the details of the model above the scale M X ∼ 10
16 GeV (SO (10) for example in the case of GJ). While one might not wish to restrict oneself to some particular gauge symmetry at M X , it is almost essential to specify the model at this scale in order to make any progress at all. The alternative is to simply make a list of assumptions about the nature of the Yukawa matrices at M X [6] . For example Ramond, Roberts and Ross (RRR) [7] assumed symmetric Yukawa matrices at M X , together with the GJ ansatz for the lepton sector. It is difficult to proceed beyond this without specifying a particular model. Indeed, this model dependence may be a good thing since it may mean that the fermion mass spectrum at low energies is sensitive to the theory at M X , so it can be used as a window into the high-energy theory. Therefore in what follows we shall restrict ourselves to the very specific gauge group at M X referred to in the title. Our motivation for considering this particular theory is discussed below.
Twenty-one years ago Pati and Salam proposed a model in which the standard model was embedded in the gauge group SU(4)⊗SU(2) L ⊗SU(2) R [8] . More recently a superpersymmetric (SUSY) version of this model was proposed in which the gauge group is broken at M X ∼ 10 16 GeV [9] . The model [9] does not involve adjoint representations and later some attempt was made to derive it from four-dimensional strings, although there are some difficulties with the current formulation [10] . In this paper we shall not be concerned with the superstring formulation of the model, but instead we shall focus on the "low-energy" effective field theory. The absence of adjoint representations is not an essential prerequisite for the model to descend from the superstring, but it leads to some technical simplifications. Also in the present model, the colour triplets which are in separate representations from the Higgs doublets, become heavy in a very simple way so the Higgs doublet-triplet splitting problem does not arise. These two features (absence of adjoint representations and absence of the doublet-triplet splitting problem,) are shared by flipped SU(5)⊗U(1) [11] , which also has a superstring formulation. Although the present model and flipped SU(5)⊗U (1) are similar in many ways, there are some important differences. Whereas the Yukawa matrices of flipped SU(5)⊗U(1) are completely unrelated at the level of the effective field theory at M X (although they may have relations coming from the string model) in the present model there is a constraint that the top, bottom and tau Yukawa couplings must all unify at that scale. In addition there will be Clebsch relations between the other elements of the Yukawa matrices, assuming they are described by non-renormalisable operators, which would not be present in flipped SU(5)⊗U (1) . In these respects the model resembles the SO(10) model recently analysed by Anderson et al [12] . However it differs from the SO(10) model in that the present model does not have an SU(5) subgroup which is central to the analysis of the SO(10) model. In addition the operator structure of the present model is totally different. Thus the model under consideration is in some sense similar to flipped SU(5)⊗U(1), but has third family Yukawa unification and precise Clebsch relationships as in SO(10).
We find this combination of features quite remarkable, and it seems to us that this provides a rather strong motivation to study the problem of fermion masses in this model.
The problem of fermion masses in the SU(4)⊗SU(2) L ⊗SU(2) R model was recently considered by one of us [13] . It was implicitly assumed that the Yukawa matrices were symmetric, and it was shown that by introducing suitable operators the model could make contact with the successful RRR ansatz, which incorporate the GJ ansatz, at the expense of fine-tuning the coefficients of the operators [13] . Essentially the small entries in the RRR matrices were obtained by assuming that the coefficients of two operators were tuned to partially cancel. The purpose of the present paper is threefold. First we shall generalise the analysis to the case of non-symmetric Yukawa matrices, since there is no symmetry which enforces symmetric Yukawa matrices in this model 1 .
This allows the possibility of asymmetric texture zeroes, which as far as we are aware have never been considered before. Of course this means that we cannot rely on the RRR analysis, and therefore we perform our own phenomenological analysis of the quark and lepton masses and quark mixing angles. Second we extend the operator analysis to consider many other operators not considered in the previous analysis. In fact we search for all possible low dimensional operators, and systematically search for the minimum set with which to describe the spectrum. Third we impose a naturalness criterion and reject all possibilities which involve fine-tuning the coefficients of operators. The result of all this is a small set of possible solutions to the problem of quark and lepton masses and CKM angles in this model.
The remainder of the paper is organised as follows. In section 2 we briefly sum-1 Even the imposition of parity does not lead to symmetric Yukawa matrices (see Section 3.3.) marise the model. In section 3 we describe the operator strategy we employ. In section 4 the details of the calculation are outlined, including the RG and CKM analysis. The ansatze, results and predictions are presented. Section 5 contains our conclusions about the previous analysis, and a brief discussion of theoretical uncertainties involved with the calculation. In the appendices we list the operators in explicit component form.
The Model
Here we briefly summarise the parts of the model which are relevant for our analysis. For a more complete discussion see [9] . The gauge group is,
The left-handed quarks and leptons are accommodated in the following representations, 
where α = 1 . . . 4 is an SU(4) index, a, x = 1, 2 are SU(2) L,R indices, and i = 1 . . . 3 is a family index. The Higgs fields are contained in the following representations,
(where h 1 and h 2 are the low energy Higgs superfields associated with the MSSM.) The two heavy Higgs representations are
The Higgs fields are assumed to develop VEVs,
leading to the symmetry breaking at
in the usual notation. Under the symmetry breaking in Eq.8, the Higgs field h in Eq.4 splits into two Higgs doublets h 1 , h 2 whose neutral components subsequently develop weak scale VEVs,
with tan β ≡ v 2 /v 1 .
In addition to the Higgs fields in Eqs. 5,6 the model also involves an SU(4) sextet field D = (6, 1, 1) and three singlet fields φ m = (1, 1, 1) which do not acquire VEVs plus one singlet field N = (1, 1, 1) which acquires a weak scale VEV < N >= x. The superpotential, suppressing gauge indices, is then [9]
Note that this is not the most general superpotential invariant under the gauge symmetry. Additional terms not included in Eq.10 may be forbidden by imposing suitable discrete symmetries, the details of which need not concern us here. The D field does not develop a VEV but the terms in Eq.10 HHD andHHD combine the colour triplet parts of H,H and D into acceptable GUT-scale mass terms [9] . The φ m fields play an important part in ensuring that the right-handed neutrinos gain large masses, leading to acceptably small observable neutrino masses. The effect depends on terms in the superpotential likeF Hφ and φ 3 [14] . Below M X the part of the superpotential involving quark and charged lepton fields is just
with the boundary conditions at M X ,
The model just described must explain why the gauge couplings which are roughly equal at M X ∼ 10 16 GeV remain roughly equal up to the compactification scale M c ∼ 10 17 GeV. Conventional SUSY GUTs achieve this in the most direct way possible, by embedding the standard gauge group into a simple gauge group with a single gauge coupling constant. However, conventional SUSY GUTs are not fully unified because they do not include gravity. The only consistent known theories of gravity are string theories, and string theories which allow adjoint superfields are quite cumbersome [15] . On the other hand string theories that do not involve adjoint superfields, and consequently cannot involve a simple gauge group, must explain why the gauge couplings which appear to be unified at M X are in fact unified at M c .
Recently it was suggested by one of us [13] that an attractive solution to this problem is to introduce some additional GUT-scale superfields in order to make the model left-right symmetric,
Having guaranteed the equality of the SU(2) L,R couplings g L = g R , it is possible to require that the SU(4) beta function, β 4 , is equal to the common SU(2) beta functions, β 2 , so that if the gauge couplings are equal at M X then they will remain equal above this scale. The one-loop SUSY β functions are,
where in the model defined in the previous section, and augmented by the Higgs representations in Eq.13 we find
where we have allowed for n D copies of the sextet superfield D, and n H copies of the set of fields (H,H, H ′ ,H ′ ). From Eqs. 13, 15 it is clear that the combination of left-right symmetry and the choice n D = 7 (for any choice of n H ) is sufficient to guarantee that if the couplings are equal at M X then they will remain equal above this scale to one-loop order, ignoring threshold effects. However, as we shall see in section 3.3, such a left-right symmetry does not lead to any simplifications of the Yukawa matrices at M X , and so we shall not impose such a symmetry in this paper.
Operators

The Basic Strategy
In this model the two Higgs doublets are unified into a single representation h in Eq.4
and this leads to the GUT-scale equality of the three Yukawa matrices in Eqs.11, 12. This boundary condition also applies to the version of the conventional SUSY GUT based on SO(10) in which both Higgs doublets are unified into a single 10 representation. As it turns out, the idea of Yukawa unification works rather well for the third family [16] , leading to the prediction of a large top quark mass m t > 165 GeV, and tan β ∼ m t /m b where m b is the bottom quark mass. However Yukawa unification for the first two families is not successful, since it would lead to unacceptable mass relations amongst the lighter fermions, and zero mixing angles at M X . In the SO(10) SUSY GUT there are various ways out of these difficulties, and if the present model is to be regarded as a surrogate SUSY GUT it must also resolve them.
One interesting proposal has recently been put forward to account for the fermion masses in an SO(10) SUSY GUT with a single Higgs in the 10 representation [12] . According this approach, only the third family is allowed to receive mass from the renormalisable operators in the superpotential. The remaining masses and mixings are generated from a minimal set of just three specially chosen non-renormalisable operators whose coefficients are suppressed by some large scale. Furthermore these operators are only allowed to contain adjoint 45 Higgs representations, chosen from a set of fields denoted 45 Y , 45 B−L , 45 T 3R , 45 X whose VEVs point in the direction of the generators specified by the subscripts, in the notation of [12] .
This is precisely the strategy we wish to follow here. We shall assume that only the third family receives its mass from a renormalisable Yukawa coupling. All the other renormalisable Yukawa couplings are set to zero. Then non-renormalisable operators are written down which will play the role of small effective Yukawa couplings. The effective Yukawa couplings are small because they originate from non-renormalisable operators which are suppressed by powers of the heavy scale M. In this paper we shall restrict ourselves to all possible non-renormalisable operators which can be constructed from different group theoretical contractions of the fields:
where we have used the fields H,H in Eqs.5,6 and M is the large scale M > M X .
The idea is that when H,H develop their VEVs such operators will become effective Yukawa couplings of the form hFF with a small coefficient of order M 
A Simple n = 1 Example
In the present model, although there are no adjoint representations, there will in general be non-renormalisable operators which closely resemble those in SO (10) involving adjoint fields. The simplest such operators have already been considered in ref. [13] and correspond to n = 1 in Eq.16, with the (HH) group indices contracted together.
These operators are similar to those of [12] but with HH playing the rôle of the adjoint Higgs representations. It is useful to define the following combinations of fields, corresponding to the different HH transformation properties under the gauge group in Eq.1,
The explicit form of the operators is given in Appendix 1. For the adjoint combinations we may write is clear that when the fields H,H develop the VEVs in Eq.7 the composite fields in Eq.17 acquire VEVs
where
Armed with the above results it is straightforward to construct the operators of the form of Eq.16 explicitly, and hence deduce the effect of each operator. For example for n = 1 the four operators are, respectively,
where we have suppressed gauge group indices. When the combinations A, B, C, D in Eq.17 acquire the VEVs in Eq.18 the generators T B−L and T 3R in Eq.19 then just count the quantum numbers of the components of the fields F,F , leading to quark-lepton and isospin splittings, as shown explicitly below:
where the coefficients of the operators a ij , b ij , c ij , d ij are all of order
Parity
In ref. [13] combinations of the operators in Eq.21 were used to reproduce the successful RRR and GJ textures. However it is clear that there is no real justification for assuming that the Yukawa matrices are symmetric in this model. To illustrate the point, let us impose a left-right (parity) symmetry on the model of the kind introduced earlier in order to ensure that g L = g R above M X . Under the Z 2 parity we have,
where the fields A µ L,R are the gauge fields of SU (2) remain intact at M X and so does not lead to an effective Yukawa coupling. Note that this argument only applies to the non-renormalisable operators. The renormalisable operators would lead to symmetric Yukawa matrices if parity was imposed, since h is transformed into itself. It is possible that there may be some non-renormalisable operators which would lead to symmetric Yukawa matrices at M X but these are not the kind of operators we consider here. It is clear that the nature of this model is to lead to non-symmetric Yukawa matrices, so the analysis of ref. [13] must be extended.
General Analysis of n = 1 and n = 2 Operators
The n = 1 operators are by definition all of those operators which can be constructed from the five fields FF hHH by contracting the group indices in all possible ways, as discussed in Appendix 1. Here we only summarise the results of this analysis by listing the group theoretical contractions of fields in Table 1 , and the precise group structure of the operators in Clebsch relations between the coefficients of the various quark and lepton component fields. These Clebsch relations are summarised in Table 3 . Having discussed the origin of the effective Yukawa terms in some detail for the (HH) contracted operators, we shall now be more schematic in our description of the remaining types of operator. Table 1 lead to the group structure for the n = 1 operators shown here, where the group singlet contraction is taken. In Table 3 we have neglected terms involving the right handed neutrinos since they receive a large mass through the see-saw mechanism 3 . Note that associated with each operator is only one coupling constant, so that for example O A gives the same Yukawa coupling to the up and down quarks and the charged leptons at M X , as in Eq.21. No non-renormalisable terms with HH orHH in the Higgs structure are both gauge invariant and give a non zero mass term, so only (HH) operators are considered.
The n = 2 operators are by definition all those operators which can be constructed from FF hHHHH by contracting the group indices in all possible ways, as discussed in Appendix 2. There are 400 n = 2 operators, formed by different combinations of the SU(4) c and SU(2) R structures e.g. we label an operator with structures A and t as O At . Brevity prevents us from listing all the possible operators, but the useful operators are listed in Table 4 . Two features of the n = 2 Clebsch coefficients listed are useful: the operators O Ad,Dd,M d give the down quark Clebsch coefficient to be three times that of the up quark, which helps to predict a small |V ub |, and the operators labeled O 1,2,3 give masses to down quarks and leptons but not to up quarks, helping to account for the up-down mass splitting in the first family (see section 4.5).
The Calculation
3 Which explains why O I ∼ 0, it only contributes to a ν R term. In this paper we shall not consider the problem of neutrino masses. 
Masses and Mixing Angles at Low Energies
To constrain the Yukawa matrices at M X , we need to use renormalisation group equations to evolve low energy parameters such as CKM matrix elements and fermion masses up to M X . We denote running fermion masses at the MS scale µ asm f (µ).
The masses of the fermions are first run up to the top massm t using effective 3 loop QCD ⊗ 1 loop QED in the MS renormalisation scheme [17, 18, 19] . Fig.1 shows the parameter η i defined by
where max(m f , 1 GeV) is the greater ofm f and 1 GeV.
For given values of tan β, α S (M Z ) and MS fermion masses defined bym f ≡ m f (max(m f , 1GeV) ), the diagonal Yukawa couplings atm t are determined by
where v = v Table 5 : Running masses of the lightest five quarks as provided by [20] . in ref. [7] 4 . The values of CKM mixing elements and running masses (of Table 5) used are obtained from ref. [20] : 
Lepton masses of course have no dependence on α S to one loop, and their η values are tabulated in The third family have the largest and only renormalisable Yukawa term in this scheme, which looks like
where λ 33 is the universal Yukawa coupling at M X , unifying
M X is taken to be 10 16 GeV. In fact, the results turn out to be insensitive to whether we choose M X = 10 16 or 10 17 GeV, for example.
The third family Yukawa couplings are run fromm t to M X . This is achieved with the following SUSY one loop renormalisation group (RG) equations (cf. ref. [3] ):
which are valid in the MSSM, assumed to be the correct theory betweenm t and M X . We ignore low energy threshold corrections, which should be smaller than the other theoretical uncertainties involved (these are briefly presented in section 5.)
The procedure we follow for the third family is very similar to ref. [3] for bottomtau Yukawa unification, but are here extended to include full top-bottom-tau Yukawa unification, according to Eq.29. Briefly, the idea is to inputm b ,m τ and α S (M Z ) and then to predictm t and tan β as outputs using the constraint of Yukawa unification, as in Eq.29 after running the 3rd family Yukawa couplings up to M X . In practice this is complicated by the fact that the Yukawa couplings λ t (m t ), λ b (m t ), λ τ (m t ) all depend upon the input value ofm t and tan β. Yukawa corrections [12] . This can have the effect of lowering the prediction of m t by about 30 GeV, which is still compatible with the CDF result for higher α s .
First and Second family: Diagonal Yukawa Couplings
In dealing with the first and second families we have to confront the problem that the Yukawa matrices are not diagonal. As discussed widely elsewhere [12, 7] , it is most convenient to diagonalise the Yukawa matrices at M X before running them down tō m t . It is then possible to obtain RG equations for both the diagonal Yukawa couplings λ u,c,t , λ d,s,b , λ e,µ,τ and the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements |V ij | 7 (ref. [3] ). At one-loop these RG equations can be numerically integrated so that the low energy physical couplings have a simple scaling behaviour [12] : 
with identical scaling behaviour to V cb of V ub , V ts , V td , where
and t = ln µ, µ being the MS scale. To a consistent level of approximation V us , V ud , . These are the patterns that must be replicated by our model if it going to be phenomenologically viable. In Fig.9 we also show the absolute value of |V cb | at M X , calculated by running the value at M Z in Eq.27 up to M X using Eq.31.
The Lower 2 by 2 Block of The Yukawa Matrix: The Prediction of the Strange Quark Mass
The heavy 2 by 2 sectors of the Yukawa matrices are considered first, in isolation from the rest of the Yukawa matrix. This is possible because we shall assume that the Yukawa matrices at M X are all of the form where ǫ << 1 and some of the elements may have approximate or exact texture zeroes in them. Assuming the form Eq.33 allows us to consider the lower 2 by 2 block of the Yukawa matrices first. In diagonalising the lower 2 by 2 block separately, we introduce corrections of order ǫ 2 and so the procedure is consistent to first order in ǫ.
In searching for the minimum number of operators that fit phenomenological constraints (so that maximum predictivity is attained) there are some general arguments that yield a lower bound on the number of operators. It is clear that there must be at least 3 operators in the lower 2 by 2 block since it should have no zero rows or columns, or its determinant would be zero, implying that it contains a zero eigenvalue and therefore a zero mass. Also, for a non-zero |V cb |, we require there to be an operator in the 32 position in the down and/or up matrices. In fact we shall require 4 operators in the lower 2 by 2 block since the Clebsch coefficients listed in Table 3 are not sufficient to describe successfully all the features of Given the constraints listed above, the only ansatze that successfully satisfy them are listed here:
(34) Figure 10:m s (1 GeV) predictions as a result of Eq.42, to be compared with the experimental value quoted in Table 5 .
before transposing, as this would predict zero |V ub |.
From the above ansatze in Eqs.34-41, the ratio of muon to strange Yukawa couplings at M X is found to be:
where l is a ratio of Clebsch coefficients, predicted to be l = 3 (as in the GJ ansatz) or l = 4 (a new prediction).
Ansatze A 1−6 predict l = 3 in Eq.42 and ansatze A 7,8 predict l = 4.
Eq.42 gives a prediction of the quantity λ s (M X ), which can in turn be run down to 1 GeV, yielding a prediction form s . Fig.10 shows the predictions form s (1 GeV), which were found to have negligible dependence uponm b . Note that the l = 4 curve in Fig.10 corresponding to ansatze A 7,8 works just as well as the l = 3 GJ prediction.
The Upper 2 by 2 Block of The Yukawa Matrix: The Prediction of the Down Quark Mass.
Having diagonalised the lower 2 by 2 block, we have an effective Yukawa coupling in the 22 position for each of the Yukawa matrices. We must now add additional operators to account for m e , m u , m d , |V ub | and |V us |. We shall assume that these additional operators are n = 2 ones, as discussed previously together with even smaller n = 3 operators which we denote generically O n=3 . Naively the minimum number of additional operators in the upper 2 by 2 block is 2: one in the 21 position to account for |V us | and one on the top row to avoid a massless first family. However, it is impossible to account for (λ u /λ e ) M X ∼ 1/30 and (λ u /λ d ) M X ∼ 1/100 using only two operators, since the magnitude of the Clebsch coefficients in Table 3 are simply not big enough. To circumvent this problem we shall use the operators in Table 3 which give a zero contribution to the up mass and a non zero contribution to the down and electron mass, namely O 1,2,3 . In order to achieve a non-zero |V ub | we require an The possible ansatze in the down sector that account for correct |V us |, m u , m d , m e and |V ub | and also generate CP violation are: Note that the bracketed entries predictm d (1 GeV) to be outside the empirical range, and so are not included in Fig.11 . Table 7 , labeling each prediction.
X stands for whatever is left in the 22 position, after the lower 2 by 2 submatrix has been diagonalised. Each of the successful ansatze gives a prediction for the down Yukawa coupling at M X in terms of the electron Yukawa coupling:
where k = 3 is the Georgi-Jarlskog prediction ofm d . Other viable possibilities found in our analysis are k = 2, 4,
, 16 3 as shown in Table 7 . The k values as defined in Eq.51 depend upon the l value in the heavy submatrix and are displayed in Table 7 . Fig.11 shows the five possible predictions form d in the separate ansatze. Again, the results were found to have negligible dependence onm b because this will only change the RG running by affectingm t . The large tan β dependence factors out since we relate the mass of the down quarks to the mass of the leptons only, and these have the same dependence upon tan β. It should be made clear that up until now all of the Yukawa couplings are assumed to be real and positive, but in order to do a full analysis of the CKM matrix including the CP violating phase we shall now drop this assumption.
The Full 3 by 3 Yukawa Matrix: The Prediction of |V ub | in Terms of the CP-Violating Phase
So far we have discussed the lower 2 by 2 block and the upper 2 by 2 block of the Yukawa matrices, assuming them to be of the form shown in Eq.33, and taking all of the couplings to be real and positive. In fact the effective Yukawa couplings must be regarded as complex parameters with relative phases between them. This does not affect our analysis of third family Yukawa unification. Nor does it affect the predictions of the strange and down quark masses which follow from Eqs.51,42, since l and k are simply ratios of Clebsch coefficients. However the precise list of successful lower 2 by 2 block ansatze A i in section 4.4, and the upper 2 by 2 block ansatze B i in section 4.5 was in fact based on a full analysis of the 3 by 3 Yukawa matrices, including complex phases. We shall not repeat the full analysis which led to the successful ansatze A i and B i here. However in order to illustrate our approach and discuss the remaining CKM parameters, it is instructive to consider one example as described below.
The successful ansatze consist of any of the lower 2 by 2 blocks A i combined with any of the upper 2 by 2 blocks B i , subject to the restrictions shown in Table 7 . For example let us consider A 1 in the lower 2 by 2 block combined with any of the B i in the upper 2 by 2 block, focusing particularly on A 1 combined with B 1 . Just above M X , before the H,H fields develop VEVs, we have the operators
which implies that at M X the Yukawa matrices are of the form 
where we have factored out the phases of the operators and H ik are the magnitudes of the coupling constant associated with O ik . Note the real Clebsch coefficients x
U,D,E ik
give the splittings between Y U,D,E . In our particular case A 1 , B 1 they are given by
and x ′ U 12 = 0. We now make the transformation in the 22 element of Eq.53
are real positive parameters. It follows from the Clebsch structure in Eq.54 that H At M X , we have the freedom to rotate the phases of F i andF j , since this leaves the lagrangian of the high energy theory invariant. In doing this we rotate away 5 phases in the matrices since there are only 5 relative phases:
Below M X , the multiplets F,F are no longer connected by the gauge symmetry in the effective field theory, since it is The Standard Model. We now define our notation as regards the effective field theory below M X as follows. The effective quark Yukawa terms are written (suppressing all indices)
We transform to the quark mass basis by introducing four 3 by 3 unitary matrices
are the diagonalised Yukawa matrices. With the definitions in Eqs.57,58, the CKM matrix is of the form
In all of the cases considered, x U 12 = 0 and x
′D,E 12
= 0 so that the Yukawa matrices which result from Eqs.53,55,56 are
In order to diagonalise the quark Yukawa matrices, we first make Y U real, by multiplying by phase matrices
where we have definedφ 22 ≡ φ To diagonalise the real matrices obtained from the above phase rotations, we first diagonalise the heavy 2 by 2 submatrices, then the light submatrices as shown below, elements in this case. The first family diagonal Yukawa couplings for the down quark and electron are related by
We identify the right hand side of Eq.63 with k in Eq.51. The angles are given 
Note that tan
. This is a generic feature of all the ansatze. To obtain a prediction for |V ub | we note that Eq.65 predicts a value of |V ub | that is dependent upon the value of l. This is be- 
Conclusions
We have discussed the problem of fermion masses in the supersymmetric SU(4)⊗ SU(2) L ⊗SU(2) R model, where the gauge group is assumed to be broken to the standard gauge group at M X ∼ 10 16 GeV. Although the gauge group is not unified at M X , it is hoped that the model may be embedded in some string theory near the Planck scale. Since the model involves no adjoint representations of the gauge group, and has no doublet-triplet splitting problem, the prospects for achieving string unification in this model are very good, and some attempts in this direction have already been made [10] . However here we have restricted ourselves to the low-energy effective field theory near the scale M X ∼ 10 16 GeV, and parameterised the effects of string unification by non-renormalisable operators whose coefficients are suppressed by powers of (M X /M), where M > M X is some higher scale associated with string physics. The high values of tan β required by our model (also predicted in SO(10)) can be arranged by a suitable choice of soft SUSY breaking parameters as discussed in ref. [25] , although this leads to a moderate fine tuning problem [16] . The high value of tan β is not stable under radiative corrections unless some other mechanism such as extra approximate symmetries are invoked. m t may have been overestimated, since for high tan β, the equations for the running of the Yukawa couplings in the MSSM can get corrections of a significant size from Higgsino-stop and gluino-sbottom loops.
The size of this effect depends upon the mass spectrum and may be as much as 30 GeV. For our results to be quantitatively correct, the sparticle corrections to m b must be small. This could happen in a scenario with non-universal soft parameters, for example. Not included in our analysis are threshold effects, at low or high energies. These could alter our results by several per cent and so it should be borne in mind that all of the mass predictions have a significant uncertainty in them. It is also unclear how reliable 3 loop perturbative QCD at 1 GeV is.
Compared to SO(10) [12] , the lack of predictivity of our model is somewhat dis-couraging. In the SO(10) model, the spectrum is described by just 4 operators, whereas in our model the spectrum is described by 7 operators. One basic reason for this is that, unlike SO(10), our Yukawa matrices are inherently asymmetric. In order to fill out our Yukawa matrices, we need to add operators in the ij and ji positions separately. This of course permits asymmetric texture zeroes such as those in A 1−8 , which have not been studied before. In the upper 2 by 2 block, the SO(10) model can satisfy all of the phenomenological constraints with just 2 operators, the up Yukawa coupling becoming very small through a small Clebsch ratio (1/27) 2 . This permits the SO(10) model to make predictions for the up quark mass and the complex phase as well as |V ub |. Whereas we cannot predictm u in this model, a natural explanation is given for its relatively small value in terms of a higher dimensional operator. Note that simply not having this operator would not alter any of the predictions, except that the up quark would be massless, thus solving the strong CP problem. Thus a simple and natural way of obtaining a massless up quark is given by our model with O n=3 → 0 in Eqs. 43-50, which would reduce the number of operators in our model by one.
Despite the lack of predictivity of the model compared to SO(10), the SU(4) ⊗SU(2) L ⊗SU(2) R model has the twin advantages of having no doublet-triplet splitting problem, and containing no adjoint representations, making the model technically simpler to embed into a realistic string theory. Although both these problems can be addressed in the SO(10) model [26, 27] , we find it encouraging that such problems do not arise in the first place in the SU(4)⊗SU(2) L ⊗SU(2) R model. Of course there are other models which also share these advantages such as flipped SU (5) 
It is useful to define some SU(4) invariant tensors C, and SU(2) R invariant tensors R 
The resulting 400 n = 2 operators are of the form
where Ξ = A, B . . . T and δ = a, b . . . t.
